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Nested MC regression From MC regression to two steps Nested MC regression

For s € {to, ey tQL}
with

| 2

>

>

Coarse discretization
>

>

Standard
regression methods
and the curse of
dimensionality
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-
(F) Us=E | > f(tur Xoy» Xt,.,4) | Fs
te>s
{to, ..., ta. } = {0, A¢,2A¢, ..., T} sufficiently fine discretization set
Xe, = Et_1 (Xeu_15 €2 ) € RN, Xig® = X0 and (€te)k=1,... ot is the noise

Basically &, (x,0) = x + A¢b(tx, x) + o (tk, x)0

Each f(tk,-,-) is B(R%) ® B(R)-measurable and satisfies
E(fz(tk,th,thH)) < o0 Wlth f(tzL,thL,Xt ) = f(t2L7Xt2L)

2l
Although some extensions are possible, we assume here f to be Lipschitz

A decreasing time sequence (sk),_o . ot taking its values in

S C {to,...,tor } with sg = T and s, =0

A new operator () on (sk)k>o0 that returns the next increment i.e.
3(sk) = min{(s1),cq0,1,... 2t} Sk < 51} with default value 6(T) =T

A

[

0
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Nested MC regression From MC regression to two steps Nested MC regression

Two layers
>  First layer of Mp outer trajectories (Xt"k7°

mo=1,...,Mo

w1 oL of the Markov

process X that stays on the machine memory
Xt':° = &kd(X{:gl,ﬂT) when k > 1 and Xt':° = X0

»  Second layer of My inner trajectories starting at the coarse discretization

Conditional
regression to avoid

the curse of

dimensionality

Indeed for
sp < s < sk

Xm0,m1 — Stk,l(xm°'m1 ,gmoym:l)7 k 2 1 and ijrrr’gjml

itk

Us, (x)
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= XMo
Sj,t Si,t S;
k=17 29>tk my=1,...,My J

XMmo,m1 —

;
E D (e, XIym™, XI%m)

Sjst) Sjsti41 Sj>Sk
2> sk
(1)
-
mo,my mo,my mg,my __
E E f(t/’Xs,t, ’X57f1+1 X57sk’ =X
>k
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Nested MC regression From MC regression to two steps Nested MC regression

Nested MC with one regression at each s € S

Coarse  Given t, € [s,8(s)[ and denoting T ’m°‘ the regressed representation of
(Y

approximation Us(s)(+), we set the approximation U5 s)(Xt’:°(s )= ™ S(Xt':°’"’1)

Two layers of
approximation

Fine approximation  Given t; € [s,8(s)[, we approximate Uy, (X;°) by

My 4(s)
1
~mg,S __ mo my mg,my 7m0 mg,my
Ut T= M [ Z f tk’ tk,t,l th,t;+1 )] ( (th 5,(5
U=t \ tpa>t

Benefits »  Nested MC regression more comparable to PDE methods

»  Nested MC with outer trajectories that control the errors of inner ones

>  Fine approximation of Vi = E (f(ué(s)(xé(s)))’}‘s)
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[\EITY: NV [ T-I2F -0l Increasing the learning depth in terms of regressions

When the variance is not too large, small T or small
dimension

Three steps depth o

hY 4
_n J,\./_//‘ N

4 s s s
I T T t T

0 T
Linear regression  For any s; < s, a regression basis 759 (x — X5°) with
arround X'

> t s
Age, = EJ° (T, (XS — X00) T8, (Xgem™ — X.°))
and Kg;?sk its estimation using an offline independent sample
Coarse Around XJ° conditionally on Xs5° (sk > s € S), Us, (x) approximated by

approximation

G108 () — mosS |t S
ao;5 (x) = G704 CTIR (x — X{TO)HIoy 3)
H .S . s
with H;J’.’f’sk resulting from the projection on TSJ’,”"S’k (x = Xg°) of

3(sk)
Emo,S (Xmo,m1> _ E;ZO’S + Z f(t/,Xmo’m1 Xmo,m1)

sj,8(sk) 5j,8(sk) Sistr 0 NS tiga
1>k
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Xt) ,small T

5={0,5, 57,5, T}

Fine approximation

Coarse
approximation

Terminal condition

L. AT (LPSM, Sorbonne Université)

Example U; = E (f(XT)

1

~mo,5

At s e {Sj// sj sj} =

For s € {sjr,sp,s} and r > s,

My

My

=mo,S mo,m1
Z us,é(s)( s,6(s) )
mp=1

TS (x) = GO 4 LTI (x — X[O) IO (4)
Forse S
—mop,S
775 (x) = £(x) (5)
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Increasing the learning depth in terms of regressions
Example U; = E (f(XT) }Xt)

§={0,sp, 55,5, T}

gme.S _y gme.S umo’S —

i1

Dependence
structure of
computations
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0

s i1y S//

pY

Sit,Sj Sj
mo,S
Sj// ,Sj/ Sj/ 5Sj

h

—mg,S ~mo,S
sjv275/ - uge
mg,S
HS/? »Sj -
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—mo,S __
S-/,T - f

J

o

—mo,S __
ugr = f

—mo‘S _
Sj//,T =1
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Plan

Nested error control
Learning depth and bias reduction

Value at t = 0 and variance adjustment
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Xt), T large

Example U; = E (f(XT)

N1 Nt N
Dependence Lm0 Ly o
structure of ERA Ele N s
computations o, & .S s s
LIsj///,Sj/ — sj//,T — si115j — usij
N\ 1 N T
HS-/?/ S Hsj"? s
E’”Oﬁs _ —mgo,S
spprrysp = Hsjr s

Decreasing complexity in terms of regressions
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Lcrpaiinz el cmd b oot
T
Us=E [ S 1, Xy, xm)‘fs

t)>s

Terminal condition f(T,x) ifs=T
truncation For sj € S, T7%°% (x) = mo, (8)

%5 L) ifg<T
Sj Choice Since
E(Us) = E[U,;(sj) + 3 (o, X, Xr',"f;)]

tjy1>5j
one can track the average bias by tracking the difference
pMo— L S oS — i% [~"’°* + Z F(t, X[, X" )]
s M0m°:1 5% M0m0: (57),6(s;) vy b Sj>tia

If My is sufficiently large, one can improve this bias analysis since

a(sj)
E (Usqu ey ) = E [Liug et | Usis) + 2 F(n X0 X500 | ] (9)
t1>s)
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Terminal condition
truncation

Key idea on the
control

T
X f(t, A\,l;‘u".‘ymu\vum/ :w )

tip1>55, A\ N\
=10,

. mo,m !/
Regression on X, T’Sk ! Xs uy

mo,my .
oron X ¢\
S

\Y
/N
ey N

1
i
i
1
i
I
I
i
|
I
I
i
L

a

4

Outer trajectory
m

mo,m¥\ xrmo, ity )4

st Nl
\\/rww‘ \>s;. I_//V\"'\'/\u I“ *
N
! S o
1 ‘. N
1 .
L L L I L L L
T T T T T T T
0 s; 8 Sk SktAr SE+2A: T

v /mo,m1 __ mg,my

ijAs'.s' - ij-,sq 1

— mg,m1 ~Mo,My mo,m1 mo,my
- gfl—1 (gfl—z("'gs(xsjys, 7£s,s-;—At ’ "'gs»tlL1 )7 Esvf/ )

)2/770 my
S;,S,t;

2 ~ ~ 2
m, —mg,S; y Mg ,m: mg,m: m, —mq,S; yymo,m mg,m
E! °([us,2k (XTU™) — Us (X% ‘)] ) = E °([us,2k (X5%st) — Us (X35 ] )

LPSM, Sorbonne Unive

—mo,S; % —mg,S 2

< ere( [ary g - arg ™)
vere( [amsoa™) - v ™))

~ 2
+ere( (0™ - v

Conditional Monte Carlo Learning 13 /26



Approximation at
Sor = g = 0
>

Risk measures
using u

Fact to check
using estimators

Important!

;
U,=E (Z F(t1, Xey, xf,ﬂ)fs)

t>s
Two approximations are possible at 0

The average U(')ear of learned values

U(IJear = Z ~m0, (10)

The simulated value Ugi’"

Mo 4(0)

1 ~
ug™ = o > ng[’)’ + >t Xge, X[, (11)
0 mo=1 tj41>0

Regressions produce Varg® (ug’?s’k (X;%Lml)) # Var;’7°(Usk (X%":‘};ml)> and

usually Vargj’ (ug’?s'k (ijn”'g;(m1 )) << Varsj (Usk (ijnz(;sl;m1 ))
For s; < si, we know that E (Varsj [Us]) = E ([Usk _ Esj(USk)}z)

Bias reduction and variance adjustment possible because
of the nested simulation
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Some numerical
examples
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Some numerical examples

Original discrete Largely studied in papers by E. Gobet and his co-authors: J. P. Lemor,
BSDE X. Warin and P. Turkedjiev

Yfk = Etk[yfk+1 + Aef(tk, Yfk+1 ) Ztk)]

Yr =f(T,X7),
’ ( ™) { Zy = Etk[Ytk+1(Wtk+1 - W, )/ At

Sub-discretization

Yoo = Es [Vi(s) + (8(s) — si)F (S, Yo(s)s Zai )]

Yr=f(T,X7),{ =% >
! ( g { Zy = Esk[yé(sk)(Wé(sk) - Wsk)/(a(sk) - Sk)]

Original Snell
envelope
Vr = g(X1), Vi, = g(Xe,)V Efk[vtk+1 + Acf(ty, Viia )]

Sub-discretization

Vr = g(X7), Vo, =8(Xs) V Es [Vs(s) + (5(sk) = si)f (i, V()]
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Some numerical examples

Allen-Cahn equation: f(t,x,y,z) =y — y3, f(T,x)
&k(x, w) = x + 2w, Xo = 0.

up(0,0) = 0.0528 T =0.3, dy = 100, Mg = 2% and L = 4.

—1
=[2+2x3] .

My Learned Simulated Runtime in sec. (10~3)
Ygearn std ygim std
2% | 0.0454 | (& 0.0093) | 0.0455 | (& 0.0073) 13
25 | 0.0513 | (£ 0.0011) | 0.0517 | (£ 0.0008) 23
25 | 0.0523 | (& 0.0004) | 0.0518 | (& 0.0006) 56
27 | 0.0526 | (& 0.0003) | 0.0515 | (& 0.0001) 119
25 | 0.0525 | (&£ 0.0002) | 0.0517 | (£ 0.0002) 227
2% | 0.0527 | (& 0.0002) | 0.0515 | (& 0.0002) 414

up(0,0) = 0.0338

T=1,d =100, Mo =25 and L = 6.

My Learned Simulated Runtime in sec.
Ygearn std ygim std

25 0.0345 | (4 0.0008) | 0.0350 | (& 0.0021) 2

25 1 0.0333 | (4 0.0003) | 0.0326 | (£ 0.0004) 4

27 [ 0.0334 | (£ 0.0002) | 0.0330 | (& 0.0003) 7

28 [ 0.0336 | (£ 0.0002) | 0.0332 | (& 0.0002) 12

2% 1 0.0336 | (£ 0.0001) | 0.0331 | (£ 0.0001) 27
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Some numerical examples

up(0,0) = 0.5000

Burgers-type PDE: f(t,x,y,z) = (y — 22‘;11) (Z
()
<T+ﬁ >

f(T,x) =

1+e

dy
i=1 %

>,é}k(><¢w):x+

T =0.2, d =100, Mp =2°, L =5.

dy

V2

dy
i=1 Zf)v

w, Xo =0.

My Learned Simulated Runtime in sec.
Ygearn std ysim std

28 | 0.4785 | (£ 0.0428) | 0.5170 | (& 0.0431) 7

2% 705113 | (& 0.0450) | 0.5108 | (= 0.0450) 16

210°170.4966 | (4 0.0448) | 0.4912 | (£ 0.0447) 27

2111705022 | (£ 0.0421) | 0.5012 | (& 0.0435) 49

up(0,0) = 0.5000

T =02 d =100, My =211 [ =5

Mo Learned Simulated Runtime in sec.
Yéea’" std YOS’m std

25 0.4953 | (4 0.0618) | 0.4941 | (£ 0.0615) 24

26 | 0.5022 | (£ 0.0424) | 0.5013 | (+ 0.0435) 49

27 1 0.5079 | (4 0.0346) | 0.5066 | (£ 0.0342) 103

28 [ 05158 | (£ 0.0221) | 0.5151 | (& 0.0221) 194

29 [ 0.5023 | (£ 0.0164) | 0.5029 | (&£ 0.0164) 408
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Some numerical examples

Time-dependent reaction-diffusion-type example:

224(—1) 2
f(t.x,y,z):min{l, |:y7nflfsin ()\Zillx;)e 2 :| ,

f(T,x) =1+ kK +sin (Azgl x,-), En (x,w) = x+w, Xo =0.

up(0,0) =1.6000 T =05, d; =100, Mg =20, L =3, k=0.6, A\ = L

NS

My Learned Simulated Runtime in sec. (10~3)
Y Jearn std ygim std

25 | 1.8197 | (& 0.0386) | 1.7587 | (& 0.0287) 244

25 | 1.7125 | (£ 0.0104) | 1.6799 | (£ 0.0116) 311

27 | 1.6605 | (& 0.0037) | 1.6376 | (& 0.0091) 466

2% | 1.6458 | (£ 0.0023) | 1.6290 | (£ 0.0089) 817

29 | 1.6439 | (& 0.0019) | 1.6283 | (& 0.0061) 1526
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Some numerical examples

European derivatives with different interest rates for borrowing and lending:
dy
I
f(t,x,y,z) = =Ry 7(“77R)ZZ'+ )max{szz,fy}
=1
f(T,x) = max{ maxd X,7120 0} — 2max { maxd Xi — 150 0}

Er (x, w) = xexp (([L — T)At + a’w), Xo = 100.

I = 0.5, N ‘ ‘ O Learned
earne«
dl - 100’ 245 % Simulated
My = 21 | =2 50 IC true value
6 2
“floo'l ~ 10 25
R™= 150 m ,
Rb— 6
100 225 %
22 g ]
215 L) 5
21
205
20 . ’
29 210 o1 12

Nb of inner trajectories
The runtime with 27 outer trajectories and 21 inner trajectories is 53
seconds.
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Some numerical examples

HJB equation: f(t,x,y,z) = —\z|§1, f(T,x)=In ([1 + \x\ﬁl] /2),
Er (x,w) = x4+ V2w, Xo =0, T =1, d = 100.

Lefsi=T, “| O8] « 0 (5=
[Right] 4 PO T B

i
oK
an

k:(sk+%)/\T: 0
My = 27, ¢

FO-Ht
=
=
=
=

44 x 44
_ ol5 =3 2
M, =215 | =3
43 % 43
420 4.2
0 18 28 8 48 518 6/ 7 0 118 28 38 48 si8 68 78
Coarse time steps Coarse time steps
55
7 True
My=2"L=3 3 Loamed
0 ' . Simulated
5
45
4
B 215 18 217

Nb of inner trajectories
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Some numerical examples

PDE with quadratically growing derivatives: v (t, x) = sin ([T ot ‘X‘?ﬁ]a)’
F(t,x,y,2) = |23, — [Vxib(t, |5 — G2 (t,x) = F(A)(t, %), o = 0.4,
f(T,x) =sin (\x|§;"), E (W) =x+w, Xo=0,T=1

Y __ o7 s
Mo =27, My = 2°. - o Looras

Execution time e
620 seconds 12

09

08

07 I

06
2 2° 2 20 2
Nb of coarse time steps

Trained Training
7 Tested \ Tested
0 \ — 30 1

My =212 | =8, 7 .

08 06 04 02 0 02 04 06 08 06 04 02 0 02 04 06
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Some numerical examples

Initial margin: IM,, = ESik(Lsk,5k+5), L

k

Ey (x, w) = xexp ((r — ”2—2)At + U'W), r=0.1and o =0.2.

300 T T
Loss distribution e
[Left] Without y
variance 20 i
adjustment, o P
[Right] With w i
variance b
adjustment %6 06 0.4 0.2 0 02 04 06 08
[top to bottom] ;
20 9 $
Sk E {ﬁ‘ @ ’ 250 <’y
MO — 28’ 200 &i
_ 98 !
M; =2° %5 £
" 4
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Sk »

350

set+é = Vsk+6 - Vsk’ a—= 99%,

1
Vo, = e T, ([K = X;] "), Xo = K =100, T =1, di = 100,

02



Initial margin: IM,, = ESik(Lsk,skH;), Ly s+6 = Vs 15 — Vo, a=99%,
1+
Vo, = e T, ([K = X;] "), Xo = K =100, T =1, di = 100,
&k(x, w) = x exp ((r — "2—2)At + Uw), r=20.1and o = 0.2.

IM distribution: oo "

. | R &~ Loamed o ) ‘ & Loamed
[left to right] . pd e ol A
{7
= {@ 9 \ /
w
520321 ©
MO = 2 , % 40 é
o 8 30
M]_ — 2 * 5 y 30
20
. " , S
w0 y ol & s
.
P T v v VIR pr o o4
. 0.14 L relative error
L2 relative error.
0.12
0.1 N
0.08 AN
0.06
0.04
0.02 i
0 5/;2 ‘\0;32 ‘\5‘/32 20‘/32 25;32 30;32
Time steps
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Some numerical examples

American option: g(x) = [K - Hli‘l(x,')l/dl} +, Xo = K =100, dy = 20,

[Left] Sk =T,
[Right]

= (sk + %) ANT:
Mo = 211,

My = 2'2 and
L=23.

Mo = 2° and

L. AT (LPSM, Sorbonne Université)

Er (x, w) = xexp ((r _ 2

YA + Uw), r=log(l.l), c = 0.4, T =1.

2
5 5
T Ew o Ew)
FEW ¥ Ew
45 45
4 'L I = 4
3 *
35 i 35
s ~£ ® =
s o1 5 3 4 - 1
E 5
25 25
0 w28 3 a8 &8 68 T 0 w28 3 4B o8
Coarse time steps Coarse time steps
35
34
Simulated
33
32 2
31
3
g
29 g 5 P!
28
27
26
25
8 2 210 o 22
Nb Inner trajectories
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Some numerical examples

+
American option: g(x) = [K — H7:11(X/)1/d1} , Xo = K =100, d; = 20,
Er (x, w) = xexp ((r - %2)At + O'W), r =log(1.1), o = 0.4.

[BC] bias control
[VA] variance

adjustment: L=2 L=3 L=4
Mo = 21, (T=05) | (T=1) | (T=2)
M, = 212, [VA] 2561 4236 6.363
(£ 0.035) | (+ 0.042) | (= 0.054)
[BC] 2.493 3.734 5.130
(4 0.041) | (£ 0.061) | (£ 0.089)
[VA] + [BC] 2.201 2.890 3.961
(£ 0.035) | (+ 0.037) | (= 0.055)
Real Price 2.153 2.871 3.754
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